It is important to obtain effective operators by integrating out high energy degrees of freedom in physics. We suggest a general method of calculating accurate irrelevant operators in a scattering process without use of equation of motions. By using this method, for example, we will represent a complete set of dimension six operators in QCD, which are induced from physics beyond the standard model, supersymmetry and universal extra dimension. We will also show an example of effective anomalous 4-Fermi interactions induced from a little Higgs model.
Introduction
It is important to obtain effective operators by integrating out high energy degrees of freedom in physics. In a quantum field theory, we can obtain effective Lagrangian by integrating out high energy momentum and heavy particles. And their effects are introduced into irrelevant operators in a low energy effective theory. Therefore, it is important to obtain effective irrelevant operators accurately for a search of new physics. As for high energy physics, search for physics beyond the standard model (SM) is one of the main subjects in Large Hadron Collider (LHC). For both theoretical and numerical analyses to search new physics, we stress again that it is important to obtain accurate irrelevant operators because they include the hints of new physics.
There have been some works of listing higher dimensional operators in the field content of the SM (or also including right-handed neutrinos.) Allowed irrelevant operators in an effective theory should be determined by symmetries existed in the theory. Let us focus on dimension six operators mainly in this paper, and possible dimension six operators within the SM field content were listed in Ref. [1] . Meanwhile, this set was not irreducible, and Refs. [2, 3] have obtained a complete set systematically. However, Ref. [4] insisted that 80 numbers of complete set can be diminishable to 59 by using equation of motions (EOMs). Which set should we use in a calculation of a scattering process? Also, when we obtain effective operator, how to use it for a calculation of a cross section and how to use EOMs in it? Beside a difficulty of estimating correct symmetric factors, there are some above mistakable points when we use irrelevant operators.
In this paper, we show a general method of calculating accurate irrelevant effective operators in a scattering process without use of EOMs. By using this method, we will represent dimension six operators induced from supersymmetry (SUSY) [5] , universal extra dimension (UED) [6] , and little Higgs model (LH) [7] . We will show coefficients of dimension six operators in QCD by integrating out sparticles (KK particles) in SUSY (UED). We will also show coefficients of 4-Fermi operators originating from anomalous interactions in LH. They are promising candidates of beyond the SM, and our analyses will shed lights on the search of beyond the SM. Our method can apply to other quantum field theories in any dimensions, so that we believe this technique is very useful in a lot of researches in physics.
Method of obtaining effective operators
Let us show a general method of obtaining accurate irrelevant operators which are useful for calculating a scattering processes in an effective theory. The effects of beyond the SM must contain in higher order irrelevant operators in general. Thus, when we integrate out new particles and high momentum (physics) above an energy scale of Λ, the effective theory L eff can be expanded as a power of Λ −1 as,
1 where L 0 is the SM Lagrangian, and L 1 (L 2 ) represents dimension five (six) operators. As for dimension five operator, there is only one operator written within the SM field contents, which induces Majorana neutrino masses. Thus, let us mainly focus on non-trivial next lowest operator, i.e., dimension six operators
where c i is a coefficient, and i is the index of all possible dimension six operators allowed by the SM gauge symmetry. How can we calculate dimension six operators in the effective Lagrangian by integrating out high energy degrees of freedom? One correct answer is to take a path integral of the full theory as
where φ SM and φ h represent the SM fields and heavy fields, respectively. By integrating out φ h as
we can obtain an effective action,
where S 1 = (1/Λ) L 1 and S 2 = (1/Λ 2 ) L 2 . Coefficients of dimension six operators have been basically calculated in S 2 [φ SM ], by which a S-matrix element in this effective theory could be estimated. Before showing a concrete calculation method, we consider a role of EOMs when we calculate irrelevant operators.
Within the SM field content, one complete set of O (6) is explicitly listed in Refs [2, 3] , where coefficients are not determined until we fix a fundamental theory existing behind the SM. However, Ref. [4] insisted the 80 numbers of dimension six operators of the complete set can be diminishable to 59 numbers by using EOMs. Which set should we use in a calculation of a scattering process? To answer this question, we must know correctly whether we can use EOMs in a calculation of irrelevant operators or not. Let us overview arguments of Ref. [4] at first, where they use the fact that dimension six operators are related among each others through classical EOMs. For example, let us consider quark-quark-gluon interaction in dimension six operators [1] as
where
µν , and EOM is given by
Thus, by use of EOM, this operator is rewritten by 4-Fermi operator as
It means that O qG is not independent from O 4F anymore through the EOMs. * This is a way to obtain a minimal "complete" set of dimension six operators in Ref. [4] by reduction of redundant operators through EOMs. However, the use of EOMs must need more careful treatment, and actually, we must not use EOMs in a calculation of a scattering process (S-matrix element). We will explain its validity by using a process, gg → qq, for example. For this process, dimension six operators which include interactions of quark-quark-gluon and quark-quark-gluon-gluon must contribute as in Fig.1 . Among a complete set in Ref [2] , O qG is the only operator which has the Thus, a calculation of qq|O qG |gg is seemed to be enough for our goal. However, O qG is rewritten by 4-Fermi operator by use of EOMs as shown above, so that matrix element of qq|O qG |gg might happen to vanish. This conclusion is quit suspicious, and we must be careful to deal with EOMs in a calculation of matrix element with general irrelevant operators as will be also shown in Appendix A. We must need the accurate calculation of irrelevant operators without use of EOMs. In this paper we suggest a calculation method where we do not use EOMs, and calculate concrete dimension six effective operators by use of some new physics as the underlying theories beyond the SM. We now stand in a position of showing our accurate method of calculating irrelevant operators without use of EOMs. Let us show a concrete calculation by using a toy model. We consider a Lagrangian,
where ψ l (ψ h ) denotes a light (heavy) Dirac fermion and φ is a heavy real scalar with m ≪ M.
We will obtain an effective action of ψ l after integrating out heavy fields, where irrelevant operators must include traces of heavy particles and their interactions at high energy scale. Let us calculate the effective action by integrate out ψ h , φ, and show dimension six operators by expanding 1/M n . The effective action should be given by 11) and firstly, by integrating out H, it becomes
The second term in Eq.(2.12) is written by
14)
Next step is an integration of φ, which gives
Determinant of K 0 andK 0 are cancelled by normalization, so that we finally obtain the effective action of ψ l as (2.19) and integration of all momenta p, k i , (i = 1, · · · , 4) with k i ≪ M induces 4-Fermi operators,
These are the dimension six operators in this model. Notice that accurate coefficients are automatically obtained without care of symmetric factors. Other higher order operators can be calculated similarly.
Dimension six operators induced from new physics
By using of the calculation method represented in the previous section, we concretely calculate coefficients of dimension six operators induced from some candidates of new physics, SUSY, UED, and LH. We obtain coefficients of dimension six operators in QCD by integrating out SUSY and UED particles. We also obtain coefficients of 4-Fermi operators originating from anomalous interactions induced from LH.
SUSY
Let us calculate coefficients of dimension six operators in QCD when beyond the SM is SUSY.
In the SUSY with R-parity, SUSY particles propagate only inside of loop diagrams. Lagrangian of the QCD sector in SUSY SM is given by where q represents a sum over all flavors. Effective action should be obtained by integrating outq L ,q R , andg as 
ag a ), (3.24) where Tr(log K) includes some loop diagrams which have external gluon lines (e.g Fig. 2 ). The second term, B † K −1 B, can be expanded by right-handed squark propagator as
We take the expansion up to order of g 4 s in S eff . Similarly,q L integration can be performed, and afterq R ,q L integrations, an "effective action" in this stage is given by
and
Here i, j denote spinor indexes. Next step is integrating out gluino, and the final effective action is obtained as
where α(x, y), β(x, y, z, w) consist of gluino propagator as α(x, y)
We can know these results by differentiating interacting parts of the effective action as 
(3.39)
Here A, B are Feynman parameter integral, and they become 
On the other hand, when their chiralities are (LL)(RR) or (RR)(LL), the 4-Fermi operators are given by
As for O qqG , vertex originates from two parts, αK I and βK IKI , as 
Similarly, there is one contribution in the second order ofK I , which is shown as
There is one contribution in the third order in Eq.(3.30), γK IKIKI , where γ is given by (3.50) and the third order is shown as
Although γ has eight terms in total, they are all the same in Eq.(3.51) since each term of γ corresponds to statistic factor in Feynman diagram. Notice again that we do not care about a statistic factor in each operator since it is automatically included in α, β, γ. We can obtain all O qqGG induced from SUSY which is shown Appendix C.1.3.
UED
Next, we estimate QCD dimension six operators induced from UED. The UED has KK-parity so that KK particles can propagate only inside loop processes. As the SUSY case, we can calculate dimension six operators by integrating out KK particles. After dimensional reduction of the fifth dimensional compactified space of S 1 /Z 2 , UED Lagrangian in the 4-dimensional space-time is given by
Here we take a 'tHooft-Feynman gauge fixing, and m
5 are SU(2) doublet KK quark mass, SU(2) singlet KK quark mass, KK gluon mass, and KK scalar (fifth dimensional component of KK gluon) mass with each radiative correction, respectively. At a tree level, these KK particles are degenerate in a minimal UED, but there is a slight difference between m (n) L and m (n) R when we consider radiative corrections. So here we show general effective operators by using these general parameters. The effective operators of S eff in UED can be calculated by the similar technique of the previous subsection, and the results are shown in Appendix C.2.
Here we overview this calculation. By integrating out KK quarks, KK scalars, and KK gluons, the effective action becomes
whereS does not include KK gluons that is given bỹ
Here
, and D (s) are propagators of KK quarks and KK scalars as
respectively. And α, β, K I are given by 
Little Higgs
In this subsection, we calculate dimension six operators with anomalous coupling in LH model. The Lagrangian is given by
where β and m t are tan
, respectively. The f denotes the VEV of the Little
Higgs. When we take λ 1 ≃ λ 2 ≃ 1, we can estimate cos β ≃ 1 − 
They are useful for estimating an evidence of the LH.
Summary
It is important to obtain effective operators by integrating out high energy degrees of freedom in physics. In a quantum field theory, we can obtain effective Lagrangian by integrating out high energy momentum and heavy particles. In this paper, we have shown a general method of calculating accurate irrelevant effective operators in a scattering process without use of EOMs. By using this method, for example, we have represented coefficients of dimension six operators induced from SUSY, UED, and LH. We have shown coefficients of dimension six operators in QCD by integrating out sparticles (KK particles) in SUSY (UED). We have also shown coefficients of 4-Fermi operators originating from anomalous interactions in LH. They are promising candidates of beyond the SM, and our analyses will shed lights on the search of beyond the SM. Our method can also give an effective action by integrating out high momentum degrees of freedom of massless particles. In this case, an effective Lagrangian have non-local interactions in general. Anyhow, our method can apply to other quantum field theories in any dimensions, so that we believe this technique is very useful in a lot of researches in physics. 
A EOMs in a calculation of effective operators
We must be careful to deal with EOMs in a calculation of a general irrelevant operator, which is used for a scattering process. Let us consider a case that an effective operator is rewritten by a form of
where F [φ] is a local functional containing φ and ∂φ. Notice that Eq.(A.62) can be also obtained by a transformation of φ of
The S-matrix should be unchanged under this transformation, which is so-called equivalence theorem [8, 9, 10] . Since
= 0 is regarded as EOM, we can always eliminate operator in Eq.(A.62) from effective theory by EOMs. In Green function's level, this operation is valid whenever all fields contained in Eq.(A.62) are on-shell [11] . However, if not all fields are on-shell, the Green function which contain the vertex Eq.(A.62) is not eliminated. We will show this situation as the following discussions.
At first, we show a case that all fields are on-shell. The Green function relation is given by
where the notationφ(x i ) means that φ(x i ) is excluded from right-hand side. This equation is so-called Schwinger-Dyson equation. We consider a scalar particle state, p|φ(x)|0 = 0, and then the reduction formula gives
Here we use Eq.(A.64) in the second equality, and we can rewrite the last line by using a two point function, f φ (x, z), which obviously has a pole at p 2 = m 2 . Then, Eq.(A.65) can be written as
This means the matrix element should vanish at the on-shell. Next, we show a case that all fields are not on-shell. The effective vertex becomes
and we consider a process, ψ 1 ψ 2 → ψ 3 ψ 4 . Then, the S-matrix element,
is calculated as
Here f ψ (z, x) denotes a fermion two point function which obviously has a pole at / p = m, and U and V are wave functions for fermion and anti-fermion, respectively. Thus, we can find that there is a non-zero effect at on-shell for the process containing
type effective operator. Consequently, when a scattering process has some contributions from such kind of operators, we can not eliminate these effective operators by EOMs in the effective Lagrangian.
Therefore, for the accurate estimations, we must be careful to deal with EOMs in a calculation of scattering amplitude. Hence, in this paper, we have shown the calculation method without EOMs and calculated some concrete effective operators.
B Fierz transformation and color factor
Here let us summarize some formulas which are useful for calculations. Fierz transformation of γ-matrix in Eq.(3.37) shows
We should notice that scalar nor pseudo-scalar components do not appear by the Fierz transformation, since spinor components, (i, j, k, l), always have the same chirality in each set of (i, j) and (k, l). The color factor becomes λ 2
from Fierz transformation of spinors. Next formulas are useful for the second term of Eq.(3.35), whose spinor and color factor are different from those of the first term. The spinor is given by 
The coefficients of 4-Fermi operator are given as
(C.91)
C.1.2 Coefficients in O qqG
The coefficients of q-q-G operator are given as The coefficients of q-q-G-G operator are given as
are written in terms of a linear combination of the momentums;
These coefficients, a 1 , a 2 , · · · , are given in terms of Feynman parameter integral as
(C.157)
C.2 UED
Let us list the dimension six operators of QCD in UED.
C.2.1 Coefficients in O qqqq

When (qq)(q ′ q ′ ) chirality is (LL)(LL) or (RR)(RR), 4-Fermi operator is
and the coefficients f 1 , f 2 are 
When (uu)(tt) chirality is (LL)(RR) or (RR)(LL), 4-Fermi operator is
and the coefficients f 3 , f 4 are 
C.2.2 Coefficients in O qqG
q-q-G operator in UED takes the form as
Note that only c 4 takes the different form between the quark chirality q L and q R , because q-q (n) -G 
C.2.3 Coefficients in O qqGG
The q-q-G-G operator is written as
The coefficients of color singlet part, F µν i , are given as
The coefficients of color octet part, H µν i , are given as (C.289)
